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ABSTRACT 

The validity of the Boltzmann factor in relation to electron density function in 
magnetized plasmas has recently been brought up again by Zimmermann et al. [1] and 
Franklin [2] for a cylindrical geometry with an applied axial magnetic field. We intended to 
study this relation for a collisionless plasma in planar geometry with the use of a fully-kinetic 
particle-in-cell code. The emphasis was put on the case with a magnetic presheath formed, 
which is important for fusion relevant plasmas. 

1 INTRODUCTION 

The origin of the Boltzmann factor formula lies in the statistical physics description of a 
system in thermodynamic equilibrium, namely for a system described by the canonical 
ensemble. In plasma physics it is often used as a simple relation describing the number 
density of  electrons depending only on the electron species temperature.  
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Here ne0 is a defined electron density at an arbitrary point, k is the Boltzmann constant, 
Te is the electron temperature. This is usually a good assumption and greatly reduces the 
number of equations of the system, as only one equation is enough to describe all properties 
of a particle species. However, there are certain limitations as to where we can use it without 
making a large error, or better yet, where this kind of precision is needed. Strictly speaking, 
there are three main points that are important: 

• Electron inertia is neglected (massless electrons). The particles of this species 
have to be able to immediately respond to any kind of perturbation, no matter 
how fast it is (e.g. plasma oscillations). 

• Electron motion must not be impeded by external forces (e.g. strong magnetic 
field). 
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• Plasma has to be in a thermodynamic equilibrium, velocity distribution function 
is Maxwellian. 

In case of edge plasma of fusion devices, we will focus on the latter two, as deviations from 
the prescribed demands can be significant. For the magnetic field, we usually scale it's 
strength with the characteristical length of ion orbital motion - the ion Larmor radius rL,i. For 
fusion devices the scaling of the characteristical lengths is the following: 
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free path λmfp, ionization length etc.). For such scaling the electrons are fully magnetized and 
their motion can be reduced to the translational motion of their guiding centre along the 
magnetic field lines. Since they have much higher mobility due to low mass comparing to 
ions we can expect that they are capable of delivering sufficient particle flux as long as the 
field lines intersect the limiting wall at even the smallest angle, i.e. they are not completely 
parallel to the boundary wall. Since electrons are usually the repelled species, their gyroradius 
does not have a direct effect on the formation of the plasma potential anyway. Regarding the 
third postulate it is easy to see, that this is where the discrepancy will probably occur. Due to 
strong electric field in edge plasma regions (sheath, presheath), a non-negligible cut-off of 
electron distribution function will occur at the low energy side. This has recently been 
covered extensively in [3] for unmagnetized plasma with respect to different biases of the 
plasma limiting electrodes. We can expect to see the effects of the potential structures due to 
oblique magnetic field.  

In our case, we will change the usual aspect on the electron density by trying to describe 
electrons as a charged particle fluid and with fully-kinetic particle-in-cell (PIC) method. We 
will concentrate on the flow conditions of the fluid adopting the same technique as used for 

ions in unmagnetized plasma for two-scale asymptotic limit ( 0D

L
λε = → ) [4], finite 

smallness parameter ( 0D

L
λε = ≠ ) [5] and recently for magnetized plasma [6]. The flow 

conditions can be described via polytropic coefficient (function) γ, which has only recently 
been found to be a spatially varying quantity in edge plasmas [4]. We shall write its origin 
only in the sense of a simplified energy conservation equation, which is in the form of a 
polytropic function: 

const.pnγ =    (3) 

Usually the coefficient γ was taken to be a constant e.g. γ=1 for isothermal flow, γ=3 
for one-dimensional adiabatic flow etc. [7]. Here we can easily derive the formula for 
polytropic function from the ideal gas law p nkT= , which also usually provides the closure 
of the fluid equation hierarchy in terms of pressure divergence: 
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Here nabla operator represents a spatial derivative. The conditions of the flow were partially 
already studied in [8], but the author did not have proper tools for calculation, therefore only 
estimations could be made. The correct calculation of flow conditions is especially important 
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for the calculation of the ion sound speed, a quantity of great importance for correct 
prediction of particle and momentum transport in edge plasmas. In terms of fluid notation, the 
equation is exact if the following formula is used [3]: 
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 If the electrons would in fact always hold to the three postulates written in the 
beginning of the section, the flow could be described as isothermal, therefore γe=1. Since we 
expect the velocity distribution function not to maintain Maxwellian shape, we can predict 
deviation from this value at least in the sheath region. As already mentioned, the flow 
conditions for ion fluid in magnetized plasma were already studied in [6]. In the simulation 
campaign for the calculation of the latter, the calculation of the quantities required to study 
the electron fluid flow were a direct derivative of the obtained simulation results. In the next 
section a short description of the model and simulations will be presented, followed by a 
section presenting main results.  

2 MODEL AND SIMULATION 

2.1 Model 

Our model was a modified collisionless Tonks-Langmuir (TL) model, basically a one-
dimensional plasma discharge between two infinite parallel planes. A homogeneous magnetic 
field of density B was applied at an angle α with respect to the direction normal to the surface. 
Plasma source was constructed as a uniform ionization volume source, with electrons being 
produced with temperature Te and hydrogen ions H+ being produce with zero temperature and 
zero velocity, i.e. Ti=0, vi=0.  The simulation parameters are given in the Table 1. The 
parameters were selected in such way, that the parameter ε, which defines the source/sink 
relation in the plasma, remains constant. These means, that due to better confinement of the 
plasma with increasing density and angle of the magnetic field, the length of the simulation 
domain had to be shortened in order to keep the smallness parameter ε constant. 

 
Figure 1: Simulation model 

2.2 Simulations 

The simulations were preformed with parallelized BIT1 code [9], which has the crucial 
feature of artificial “heating” of electrons to maintain the tails of the Maxwellian velocity 
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distribution in the source region. The simulations were run on 5 PC’s, each running 8 
processes (using multi-threading), and approximately 80 cases with different configurations 
were studied to obtain a good general picture of the effect of the magnetic field. 

Table 1: Simulation parameters 
Simulation system length  L=0.6∙10-2m -2.42∙10-2m 
Plasma source strength S=4∙1023m-3s-1 

Particle density in the middle n0=1018m-3 
Magnetic field density  B=0, 0.01T, 0.05T, 0.25T, 1.25T 
Angle of the magnetic field  α=0, 20°,40°,60°,80°,85° 
Debye length λD=7.5∙10-6m 
Ionization length Li=3.4∙10-2m 
Smallness parameter  ε=2.1∙10-4 

3 RESULTS  

In this section we shall present some results relevant to the understanding of the 
problem.  

 
Figure 2: Densities of electrons and ions (top row, left), derivative of space-charge (top row, 

right), directional velocities u|| and ux in comparison with csx and cs|| (middle row, left), 
occurrence of open/closed orbits (ions: 0middle row, right/electrons: bottom row, left), 

direction of electron fluid flow (bottom row, right) for B=0.25T and α=60° 
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In Figure 2 a typical case with magnetic presheath is presented. With symbols (●, ■, 
►,) some characteristic positions are flagged. The wine circle (●) sign marks the point 
where the fluid Bohm criterion for electrostatic sheath is fulfilled, the orange rectangle stands 
for the location, where Bohm-Chodura for magnetized presheath is fulfilled. The pink triangle 
marks the entrance to the space-charge region, while the green star () marks the point where 
ion orbits become generally open. We can see (Figure 2 top, right graph), that the magnetic 
presheath is, in fact, not a quasineutral region as speculated by [10]. Since strong acceleration 
of ions already happens there, so does the repletion of the slow electrons. Electric field is 
oriented normal to the wall so it affects only the x component, but the x component is 
contained both in the magnetic field parallel as well as magnetic field perpendicular direction. 
The velocity distribution function will therefore be altered in both directions, naturally more 
in the direction closer to the direction of the electric field. In this way it alters the motion of 
the guiding centre as well as the orbital motion   of the electrons. The direction of the fluid 
velocity changes as seen in (figure 2, bottom right) which leads to deviation from the 
Boltzmann relation. This is shown for different densities of the magnetic field (B=0.01 T-1.25 
T) at a constant angle (α=60°) in figure 3.  

 

Figure 3: Normalized electron density in logscale for various densities of the magnetic field 
(B=0.01T, 0.05T, 0.25T, 1.25T). Plotted with dashed black line is the exponential fit of the 

part of the curve where plasma is quasineutral 
 

We present this as a plot of electron density in logarithmic scale in relation to the calculated 
potential profile, following the starting equation (1). Dashed straight line is the fit of the 
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exponential function for the quasineutral part of the curve. The deviation from the Boltzmann 
factor is obvious and always has the starting point at the beginning of the space-charge region. 
Until the fluid reaches this point, it remains isothermal. This can be verified using the 
equation (4) and calculating the polytropic function γe for the same plasma parameters. This is 
presented in  the figure 4. 

 

Figure 4: Polytropic function for electron fluid for various densities of magnetic field 
(B=0.01T, B=0.05T, B=0.25T, B=1.25T) applied at α=60⁰ 

We are actually interested in two quantities, the polytropic function in the direction of 
the electric field, x, and the magnetic field parallel direction, ||. For the cases B=0.05T, 0.25T, 
1.25T, the Debye length is much smaller than the electron Larmor radius and we can see, that 
up until the entrance to the space-charge region we indeed have isothermal flow, γe,x/||=1 for 
both functions. Afterwards the value of polytropic function starts increasing and reaches 
values between γe,x/||=1.5-2. This increase is due to the cut-off of electron velocity distribution 
function as a Maxwellian distribution assumed in temperature Te should be broader to amount 
for the same current to the wall. The cut-off is larger in the x direction and the value of the 
polytropic function in that direction is generally higher in that direction close to the wall. 
Since the movement of the particles is practically reduced to the motion of the guiding centre 
along the field lines, any fluid compression or similar change of flow is a bit larger in the field 
parallel || direction in the area further from the wall. In Figure 5 we show the same simulation 
model results, this time with the magnetic field density set at B=0.25T and with angle of the 
magnetic field ranging from α=20⁰-85⁰. For small angles (α=20⁰) profiles of both polytropic 
functions are practically the same. This does not hold for higher angles, however the 
assumption of the flow being isothermal in the quasi-neutral region still holds. The exception 
is the grazing angle of α=85⁰, where particle (ion) transport mechanism is changed, as was 
discussed in [6]. For the angle of α=80⁰ polytropic function can reach very high value in the 
range of γe,x/||=2.5-3.5, predicting high cut-off. 

4 CONCLUSIONS 

We have performed kinetic simulations of magnetized TL model in order to estimate the 
validity of the Boltzmann relation for electron density in the range of parameters relevant to 
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fusion plasma - with a magnetic presheath formed. Plots of densities for different 
configurations of plasma parameters were drawn in logarithmic scale to estimate the deviation 
from the Boltzmann factor formula. Also profiles of electron fluid polytropic function were 
calculated to study the fluid flow conditions.  

 

Figure 5: Polytropic function for electron fluid for various magnetic field angles α=20⁰, 
40⁰, 60⁰, 80⁰, 85⁰ at the density of the magnetic field B=0.25T 

Both approaches show the validity of Boltzmann relation for density profile and 
consequently isothermal flow for electron species in the quasi-neutral region up to the sheath 
entrance. This means that for the calculation of the boundary conditions between the 
presheath and the sheath region an assumption of γe,x/||=1 is a good one. This research should 
be expanded for the case of warm ions and later collisional effects should also be included. 
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