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ABSTRACT 

The study of the dynamic behavior of next generation nuclear reactors is a fundamental 
aspect for safety and reliability assessments. Despite the growing performances of modern 
computers, the full solution of the neutron Boltzmann equation in the time domain is still an 
impracticable task, thus several approximate dynamic models have been proposed for the 
simulation of nuclear reactor transients; the quasi-static method represents the standard tool 
currently adopted for the space-time solution of neutron transport problems. Most of the 
practical applications of this method that have been proposed contain a major limit, consisting 
in the use of isotropic quantities, such as scalar fluxes and isotropic external neutron sources, 
being the only data structures available in most deterministic transport codes. The loss of the 
angular information produces both inaccuracies in the solution of the kinetic model and the 
inconsistency of the quasi-static method itself. 

In the present paper a review of the latest advancements of the implementation and 
performances of the quasi-static method is given. Two computer codes have been adopted for 
the purpose: the first code adopts the DRAGON transport solver for the determination of the 
shape function needed for the algorithm. Despite the angular-dependency of the neutron flux 
cannot be taken into account, the results show satisfactory performance of the model both 
using the Improved Quasi-static Method (IQM) and the Predictor-Corrector Quasi-static 
Method (PCQM). The second code consists of a kinetic package that is coupled with the 
SNATCH solver, a discrete-ordinate multi-dimensional neutron transport solver, developed 
by CEA in Cadarache. The capability of handling angular-dependent quantities highlights the 
effects of the angular treatment of the neutron flux on the transient analysis, as compared to 
the case in which the angular treatment is neglected.  

1 INTRODUCTION 

The innovative features introduced by next generation nuclear reactors require as much 
innovation in the analysis of their performances and safety aspects. The safety assessment of 
such reactors, in particular, requires the accurate simulation of the behavior of the reactor core 
during typical operational and accidental conditions, with the need for the solution of the 
neutron transport equation. Being the full time-inversion of the neutron Boltzmann equation 
an impracticable task, the study of the dynamics of a reactor has to rely on the definition of 
approximate mathematical models. Hence, several approaches have been proposed during the 
years [1]; as a result of such efforts the quasi-static method has become a reference procedure 
to address reactor dynamics and several implementations of the method can be found in the 
literature [2],[3] both in diffusion and in transport. The main drawback for the application of 
the quasi-static method in neutron transport is the necessity to handle the neutron angular 

mailto:fabio.alcaro@polito.it


1401.2 

flux, in order to guarantee the consistency of the mathematical model. The deterministic 
transport codes usually do not provide access to the angular flux, mainly for computer 
memory reasons; thus the scalar flux is often adopted in the kinetic modeling of the quasi-
static method, in conjunction with an isotropy hypothesis, introducing unavoidable 
inaccuracies of the method itself. The present work constitutes a general review of the 
advancements in the implementation of the quasi-static method. 

2 DESCRIPTION OF THE ALGORITHM 

The starting point for the derivation of the model is given by the dynamic equations: 
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The operators appearing in Eqs. (1) are the standard operators of the neutron transport 
equation and S represents the external neutron source, which is present if a subcritical reactor 
is driven by an external neutron supply. 

The rationale of the quasi-static approach relies in the separation of the time scales of 
the kinetic problem that is obtained through the factorization of the neutron flux in the form 
given by: 

),;,,()(),,,( tErtAtEr Ω=Ω ψϕ  (2) 

where the “amplitude” function A depends only on time on the fast time scale, being 
proportional to the reactor power changes, while the “shape” function ψ depends on all the 
phase space variables and on time on a slower time scale, being dominated by the spatial and 
spectral modifications of the neutron population in the reactor. 

The introduction of the flux factorization into Eqs. (1) allows to transform the 
mathematical structure of the kinetic equations from a single set of PDEs, depending on the 
phase space variables and on time, to a coupled system of ODEs on time and a so-called 
“shape equation” depending only on the phase space variables. The system of ODEs is 
obtained from Eqs. (1) through a weighting-projection technique: in order to simplify the 
model, the weighting function is chosen to be the adjoint solution of a reference problem, 
usually assumed to be the initial state of the system. The system of ODEs resulting from these 
calculations is the so-called Point Kinetics (PK) problem that describes the evolution of the 
amplitude function on the fast time scale: 
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The parameters appearing in the PK equations depend on the shape function, hence the 
PK problem is solved assuming the shape function is known. The shape function must be 
calculated from Eqs. (1), once the factorization of the neutron flux has been introduced: 
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It is evident that the shape equation (4) is solved provided the amplitude function is 
known. An iterative procedure is therefore established in order to obtain a shape function 
which is consistent with the PK model results. In an alternative approach, adopted by PCQM 
[4], the time-dependent neutron balance equation is written in the following form: 
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and then the shape is obtained by re-normalization of the flux and then used to compute the 
kinetic parameters, thus leading to a linear formulation of the quasi-static algorithm. The 
formulation of the balance problems reported in Eqs. (4) and (5) enlightens the “pseudo-
stationary” characteristics of both models, allowing the use of a steady-state flux solver for 
the solution of these problems. 

3 THE IMPLEMENTATION OF THE QUASI-STATIC SCHEME 

3.1 The Computational Platforms 

The general structure of the integrated codes adopted for the transient simulations here 
presented is similar: a kinetic package is designed in order to solve the amplitude system of 
equations (3), while a steady-state transport solver is employed for the solution of the pseudo-
stationary equations (4) and (5). Apart from pure programming aspects, the main difference 
between the two codes lies in the fact that the DRAGON code cannot handle angular-
dependent quantities, as neutron flux or external sources, while the SNATCH [5] solver can. 

Both integrated codes have been used as a computational environment in which either 
the IQM and the PCQM have been implemented in the framework of the neutron transport 
theory. Equations (4) and (5) represent the transport problems to be solved by the IQM and 
PCQM, respectively. The transport operators and the source are here modified by the 
presence of terms which appear as a consequence of the time discretization of the shape/flux 
equation, the presence of delayed neutrons and the chosen quasi-static algorithm. Such 
modifications amount to manipulations of the nuclear data necessary to provide the correct 
formulation of the pseudo-stationary equation to the transport solver. 

3.2 Implementation of the pseudo-stationary equations for IQM and PCQM 

Both IQM and PCQM algorithms require the definition of virtual total cross-sections 
and external sources [4], including the terms arising from the discretization of the time 
derivative and the presence of the amplitude function for IQM. In the IQM case, such 
modifications are: 
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The definition of the virtual data for the PCQM is slightly more difficult due to the 
algorithm itself: the preliminary step involving the prediction of the flux and precursor 
concentrations requires the modification of the steady-state fission operator to include the 
contribution of delayed precursors: 
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while the virtual total cross section and external source appear as: 
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3.3 Consistent Formulation of the Quasi-static Method 

The approximations introduced in the quasi-static method by the standard kinetic codes 
are mainly related with the adoption of the scalar flux, that affects the calculation process at 
two different stages: the definition of the pseudo-stationary problem that must be solved in the 
quasi-static algorithm at first, and the definition of the kinetic parameters appearing in the PK 
equations. As previously pointed out, Eqs. (4) and (5) contain a virtual external neutron 
source, formulae (7) and (10), respectively. The terms arise from the discretization of the time 
derivative of the shape/flux and contains the shape/flux computed at the previous time 
interval. These quantities are by their nature angle-dependent and, if they are not available, 
the corresponding isotropic distribution associated to the scalar quantities are adopted as: 
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not allowing to exactly formulate the pseudo-stationary transport problem. 

The same issue arises in the definition of the kinetic parameters, thus affecting the 
solution of the PK problem. The kinetic parameters are generated by the projection of the 
terms appearing in the equation on the adjoint angular flux for the initial state of the system, 
computed with the same transport code, consistently with the direct calculations. It is 
therefore evident that they are affected by an intrinsic error in the computation of the 
corresponding integrals, if scalar quantities are adopted. The terms which are particularly 
affected are: 

• the weighted integral of the neutron density appearing in the definition of the neutron 
mean generation time and in the shape convergence process for the IQM: 

),;,(1),(
4
1);,,(1),,( *

0
*
0 tEr

v
ErdErdtEr

v
ErddErd ΨΨ≠ΩΩΩ ∫∫∫∫∫ π

ψψ   (12) 

• the reactivity, when the total cross section is perturbed: 

),;,(),,(

),(
4
1);,,(),,(),,( *

0
*
0

tErtEr

ErdErdtErtErErddErd

t

t

ΨΣ

⋅Ψ≠ΩΣΩΩ ∫∫∫∫∫
δ

π
ψδψ

  (13) 

and when the scattering is modified, since the higher order angular terms of the 
scattering cross-section have to be neglected: 
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4 RESULTS 

Figure 1 shows the reactor domain adopted for the test calculations in order to 
demonstrate the feasibility of the procedure and the efficiency of the computational tools in 
the prediction of the reactor power evolution, induced by source and cross-section 
perturbations inserted into the system. The external neutron source has been considered only 
in the tests conducted with the integrated code couple with DRAGON. 

 
Figure 1: Representation of one quarter of the reactor domain adopted for the calculations. The shaded 

area identifies the region where cross-section perturbations are introduced. 

4.1 The Integrated Code Using the DRAGON Transport Solver [6] 

The DRAGON code solves the transport equation using the collision probability 
method, with a 10-6

 maximum tolerance on the error on the eigenvalue and the flux. This 
module provides as output the scalar fluxes and accepts in input only isotropic source 
distributions. Hence the formulation of the quasi-static equations is not consistent. Figure 2 
shows a transient induced by a step-wise fission cross-section perturbation. Since after a 
transient the system settles on a new steady-state, an asymptotic transport calculation is 
carried out to determine the “exact” value of the flux and of the power at the end of the 
transient for the validation of the quasi-static algorithm. It is clear from Figure 2 that a correct 
evaluation of the power evolution requires the analysis up to the time when delayed neutrons 
reach equilibrium. Moreover, a full PK treatment is not sufficient to predict the power level at 
the end of the transient, while both IQM and PCQM can provide accurate results. 
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Figure 2: Power evolution induced by a uniform fission cross-section perturbation (δΣf/Σf =+10%). a) 

Comparison of the power evolution for IQM; b) the same for PCQM. The time interval is subdivided into 
uniform macro time-steps. The initial multiplication factor is 0.96884. The reactivity insertion is ∆ρ= +574 pcm. 

The graph is zoomed in the region [0,5ms] to highlight the prompt-jump. 

In Figure 3 a second test calculation is presented. For the sake of simplicity, no delayed 
neutrons are considered, in order to reduce the time interval on which the analysis is carried 
out. It can be observed that IQM requires a certain number of shape updates to provide a 
satisfactory power prediction. This is due to the error introduced in the shape recomputation 
process. On the other hand, PCQM can produce reliable results even considering only one 
macro time-step, provided it is short enough. Nevertheless, in most calculations, the shape 
recomputation error introduced in the IQM does not affect dramatically the power prediction, 
as it is usually of the order of the relative error on the power itself. 

 
Figure 3: Power evolution induced by a uniform capture cross-section perturbation (δΣc/Σc =+20%). a) 

Comparison of the power evolution for IQM; b) the same for PCQM. The initial multiplication factor is 0.97240. 
The reactivity insertion is ∆ρ =-371 pcm. The view is zoomed in the region [0,5ms], where only the prompt 

neutron equilibrium is reached. 

4.2 The Integrated Code Using the SNATCH Transport Solver [7] 

In this section some test calculations are presented in order to compare the power 
profiles computed with the classical and the consistent formulation of the quasi-static 
algorithm. The reactor system under study, initially in the critical state, is depicted in Figure 
1, where in this case the external source is clearly absent. A monoenergetic model has been 
used for the energy dependence for the sake of simplicity. In the following calculations ∆t has 
been chosen to be half the generation time, while parametric studies on the value of ∆t are 
performed. 
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The test calculation performed consists in a reactivity injection due to a step-wise 
reduction of the total cross-section. The reactivity introduced in the system computed through 
a first order approximation is 0.35$. A preliminary calculation adopting 100 macro time-steps 
is carried out in order to assess a reference situation. In Figure 4 the results are shown for the 
IQM; a comparison of the power profiles between the consistent formulation (Figure 4.a) and 
the classical one (Figure 4.b) evidences some differences: in particular it can be pointed out 
that the classical formulation of the quasi-statics generally underestimates the evolution of the 
power, despite the overall results can be considered acceptable. 

 
Figure 4: Transient induced by a reduction of the total cross-section (∆ρ= 0.35$) simulated with IQM. 

The time interval is subdivided into uniform macro time-steps. 

The same transient test is studied through the PCQM: a calculation adopting 100 macro 
time-steps has been also performed in order to provide a reference case. Figure 5.a and Figure 
5.b represent the results for the consistent and classical formulations of the PCQM, 
respectively. The better accuracy on the power prediction obtained is related to the algorithm 
itself, while it can be highlighted that also in this case the classical formulation of the quasi-
static method underestimates the power. 

 
Figure 5: Transient induced by a reduction of the total cross-section (∆ρ = 0.35$) simulated with PCQM. 

The time interval is subdivided into uniform macro time-steps. 

It can be pointed out from the test here presented that the non-consistent definition of 
the quasi-static algorithm dramatically affects the results of a transient calculation, in terms of 
the power profile evolution and neutron flux computation, when the number of macro-time-
steps increases. Figure 4 and Figure 5 evidently show that when 100 macro-time-steps are 
considered, for both for IQM and PCQM, the power profiles in the case of the non-consistent 
formulation of the quasi-static equations are highly different from the other case. This can be 
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imputed to the fact that during the transient calculation, at each macro-time-step an error is 
introduced that eventually accumulates. 

5 CONCLUSIONS 

A first integrated code uses the DRAGON solver to generate direct and adjoint fluxes, 
to be used for the calculation of the kinetic parameters introduced into the amplitude model. 
Test calculations show the feasibility of the procedure and the accuracy of the results, both for 
the classical IQM and for the innovative PCQM. The results presented show that both 
algorithms can reproduce the power level at the end of the transient rather accurately, despite 
the intrinsic issues connected to the constraint of employing scalar quantities in the quasi-
static equations imposed by DRAGON. 

A second kinetic package capable to perform dynamic calculations through quasi-static 
algorithms is implemented within a computational platform developed at the CEA in 
Cadarache. The SNATCH solver is used as shape generator for the computation of the kinetic 
parameters adopted in the amplitude model to predict the reactor power evolution. For both 
the IQM and PCQM, the test calculations show the accuracy of the results and evidence some 
differences between the classical and the consistent formulation of the quasi-static method: 
the latter leads to a more accurate prediction of the power evolution along the transient. This 
is mainly due to possibility of defining a consistent mathematical model of the quasi-static 
equations. 

As a general remark, it must be reminded that the PCQM results computationally more 
advantageous than the IQM. 
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