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ABSTRACT

A novel method for the random sampling of correlated parameters has been proposed. The
comparison to standard random sampling methods shows significant improvements especially
for inherently positive parameters with large relative uncertainties. Self-shielding factors for
standard monitor materials have been calculated using deterministic MATSSF and Monte Carlo
MCNP code. The MATSSF code and its limitations have been verified by comparison with the
reference MCNP calculations. The calculated self-shielding factors for rhodium foil of different
thicknesses have been validated experimentally. Uncertainties in 55Mn capture resonance inte-
gral as a function of the level of self-shielding have been estimated starting from the randomly
sampled resonance parameters. It was shown that for the 55Mn case the reduction of the reso-
nance parameter covariance data to 640-group cross section covariance matrix does not produce
equivalent estimation of the resonance integral uncertainty when the self-shielding effect is sig-
nificant. Cross sections for the isotopes of tungsten have been adjusted by taking into account
experimental isotopic and elemental microscopic cross section data using the program system
GANDR. The new evaluation has been used for the analysis of the FNG-W experiment. The re-
sults agree within the two-sigma band. Experimental data for additional reactions on elemental
tungsten and integral data are recommended to be included to improve the evaluation.

1 INTRODUCTION

In the early days of nuclear technology the reactor designers were relying on experimen-
tal mockups to test new concepts and optimize the geometry and material composition. With
increasing costs of running versatile experimental facilities, together with stricter licensing re-
quirements and increased computational power of modern computers, much of the role of the
experiments has been taken over by computational models. Since even the best and most accu-
rate models can only be as good as the input data, there is an increasing demand for best estimate
predictions of system performance in terms of the design and operational parameters of nuclear
reactors, which are to be provided with their confidence bounds. Uncertainties propagated from
evaluated microscopic neutron cross section data are needed to estimate the accuracy of such
integral quantities. The concern about nuclear data uncertainties is also related to the need to
ensure that nuclear power will continue to be safe, reliable and economically competitive with
other energy options [1].

Uncertainties and errors of reactor parameters (as well as any other physical parameters)
can be divided into two components: statistical and systematic. In principle, by repeating the
experiment or simulation many times, the statistical uncertainty can be reduced to an arbitrarily
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low value. On the other hand, repeating the experiment does not reduce systematic errors (or
biases). In order to reduce biases, the measurement method and/or the experimental procedure
has to be changed. If data are cross-correlated, they have to be described by a vector of expected
values and a covariance matrix, which contains all information about uncertainties and cross-
correlations. (Differential) covariance data are the basis for (integral) parameter uncertainty
estimations.

In reactor calculations, sources of uncertainties may be attributed to two different categories:
uncertainties in nuclear data and uncertainties due to (physical, geometric, and numerical) ap-
proximations in the calculational models. By the use of the Monte Carlo method [2], which in
principle enables exact geometry and (almost) exact physics, the latter is mainly reduced to the
statistical component. For realistic systems however, there are geometric and material compo-
sition uncertainties, but they are NOT intrinsic to the Monte Carlo model. And the statistical
uncertainty is, because of the rapid computer development, becoming less and less significant in
reactor calculations. Therefore, the main sources of uncertainties in reactor parameters are un-
certainties of the nuclear data. The computational requirements for a full covariance treatment
of nuclear data are immense since merely the incident neutron reaction cross sections include:

• more than 100 isotopes that are highly important in reactor and fusion applications,

• typically, up to a few dozens of reactions that are relevant for a given isotope,

• for many of the important isotopes, cross section definitions for some of the reactions
require more than 105 points, or equivalently a similar number of resonance parameters.

Because of such data volume, even with modern computers, the covariance treatment has to be
limited according to the problem dealt with. Furthermore, information on experimental data
uncertainties and consequently also nuclear data evaluations are often incomplete and inconsis-
tent. The program system GANDR (Global Assessment of Nuclear Data Requirements) [3] is
the first attempt of a entirely general cross section covariance treatment. It enables covariance
treatment of more than 100 isotopes, each described by up to 25 reactions.

Previously, correlations between different reactions and energies of chosen isotopes had
been calculated [4]. Initial cross sections had been calculated from global nuclear models, and
the corresponding covariance matrices from model parameter uncertainties by the Monte Carlo
method. Introducing experimental data for different reaction cross sections for separate isotopes
in GANDR, new (corrected) cross sections and covariance matrices were calculated. The main
step forward compared to older evaluations is in the use of more accurate nuclear models, which
include a set of parameters, common to a large number of elements.

Cross sections and covariance matrices, obtained by the above described method, served as
a basis for further research. In the thesis [5], the covariance treatment has been extended to
multiple isotopes (of tungsten) by including experimental data for the natural element [6]. In
principle, another step can be made: by comparing calculations to a broad range of integral ex-
periments, cross sections can be adjusted to get the best estimates according to the information
available.

Resonance self-shielding is a well-known phenomenon in reactor physics, and is important
e.g. in heterogeneous reactor cores, or in large samples, irradiated in a neutron field [7]. In
essence, the self-shielding correction factor is a measure of internal disturbance of the exter-
nal neutron field. Different methods for self-shielding factor calculations for standard monitor
materials used in neutron activation analysis have been compared [7] and validated experimen-
tally [8]. The computational model has further been extended, taking into account neutron field
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anisotropy. However, it has been shown experimentally that for small reactors the anisotropy
effect is immeasurably small with the existing experimental equipment [9].

The energy grid in GANDR is much too coarse for covariance data to properly take into
account the resonance phenomena. There is typically a number of resonances between neigh-
bouring points of the grid, and there are large variations of relative uncertainty and correlations
between resonance peaks and ’dips’. Due to the self-shielding effect, the flux is very sensitive
to the reaction cross sections, therefore the use of uncertainties, averaged over broad energy
intervals, may lead to very distorted results. Therefore, it is more appropriate to start with ba-
sic data, i.e. the resonance parameters and corresponding covariance matrices. The effect of
uncertainties and correlations in resonance parameters on the resonance integral and indirectly
self-shielding factors has been estimated [10]. Two different evaluations of 55Mn have been
chosen for test cases. Different random sampling methods of correlated parameters have been
proposed and compared. One of the methods is completely new [11] and under difficult condi-
tions (large relative uncertainties of inherently positive parameters with significant correlations)
performs better than conventional methods [12].

2 RANDOM SAMPLING OF CORRELATED PARAMETERS

Sensitivity coefficients of integral observables on input parameters (e.g. cross sections) are
usually obtained from deterministic calculations of the adjoint transport equation. Combined
with the covariance matrices of the input parameters, the propagation of uncertainties due to
parameters on integral observables can be calculated. Alternatively, by random sampling of
the correlated parameters each sample gives a set of perturbed parameters. Using each set
in a direct calculation, the uncertainty in the integral observable can be determined from the
statistical analysis of the calculations with the perturbed parameters.

The two main issues regarding random sampling of correlated parameters, have been ad-
dressed in the thesis. First, strong correlations between the resonance parameters require large
increase in numerical effort which may limit the applicability of some of the methods espe-
cially when the set of coupled parameters is increasingly large. And second, large errors lead
to negative values of inherently positive parameters [13]. Inherently positive parameters with
a known estimate of the expected value and uncertainty are best described by the log-normal
distribution [14]. There are more simple ways to avoid negative values: e.g. by zero cutoff,
or by sampling according to normal distribution in logarithmic parameter space. However, the
former is on shaky physical grounds and increasingly decreases the standard deviation of the
sampled parameters when error is becoming larger, whereas the latter leads to substantial biases
in the mean value and standard deviation of the sampled parameters.

Three Monte Carlo based sampling methods [12] have been proposed in the thesis: the
diagonalization method, the Metropolis algorithm, and the new so-called correlated sampling
method [11]. In favourable conditions, i.e. small uncertainties and weak correlations, all sam-
pling methods produce equivalent results. Differences occur when dealing with large uncertain-
ties or strong correlations between a large number of parameters.

The main advantages of the diagonalization method, which is based on diagonalization
of the covariance matrix and sampling of uncorrelated linear combinations of initial parame-
ters in the diagonal parameter space, are simplicity, numerical efficiency, and completely non-
correlated samples. For parameters with a well-conditioned covariance matrix and small relative
uncertainties (below ∼ 30%), this is the method to choose. The main limitation of the diago-
nalization method is that the linear transformation preserves the distribution shape only for
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multivariate normal distribution. Therefore, if the shape of the distribution is far from normal,
the linear transformation generates distortions of the sampled parameters distributions from the
idealized distributions, preserving only the first two distribution moments [12].

The Metropolis-Hastings method [15], produces a random sequence following a given prob-
ability distribution function. Each state is randomly generated and depends on the previous state
only, therefore successive states are correlated and this correlation is transferred throughout the
chain. Therefore one has to generate many more samples and consequently the method is in-
comparably more numerically demanding than the other two proposed methods. The main
advantage of the Metropolis algorithm is numerical stability. The method of Metropolis algo-
rithm is the only acceptable method (of the 3) in cases of badly-conditioned covariance matrix
[12].

The basic idea of the correlated sampling method is very simple: to produce samples of
n parameters distributed according to their distribution functions from n independent random
variables ξi. A sample ~x(m) would then be calculated as a known function ~F of the random
variables, which would depend on the parameter distributions and correlations:

~x(m) = ~F (~ξ(m)). (1)

In practice, the function ~F has to be found for every family of distributions, which is in general
far from trivial. In [11], exact expressions for multivariate normal and log-normal distributions
have been derived. Furthermore, employing a simple numerical trick, the method can be ex-
tended to arbitrary combinations of coupled normally and log-normally distributed parameters,
which can be sampled to any requested precision.

The main advantage of the correlated sampling method is that it enables consistent sampling
of inherently positive parameters with large relative uncertainties using log-normal distribution
without producing any biases. The generated samples are completely independent. Though in
practice it might be numerically unstable if the covariance matrix is badly conditioned, in con-
trast to all other random sampling methods the correlated sampling method in principle enables
sampling of any combination of normally distributed and log-normally distributed correlated
parameters with arbitrary precision and accuracy.

All random sampling methods considered in the thesis, except the correlated sampling
method, are compromise solutions; each of them has its advantages but limited applicability.
However, the correlated sampling method [11] manages to completely solve the issue of sam-
pling correlated inherently positive parameters with large relative uncertainties [12].

3 RESONANCE SELF-SHIELDING

When an object is placed in an external neutron field, it interacts with neutrons. If these
interactions are non-negligible, the object alters the neutron field, which influences the rate of
interactions. This is called the self-shielding effect. The effect is especially pronounced in the
resonance energy range, where the high resonance peaks absorb practically all neutrons with
corresponding energies creating dips in the neutron spectrum around the resonance energy and
spectrum peaks below the resonance energy due to down-scattering from the resonance, and
consequently usually lowering the reaction rate. The absorption reaction rate increase is possi-
ble if a strong absorption resonance is placed directly below a strong scattering resonance. For
example, the self-shielding effect is important in neutron activation analysis when relatively
large samples of strong absorbers are irradiated [7]. In the past, the tendency was to select
the samples so that resonance effects were negligible. However, this is not always possible.
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Recently, Chilian et. al. [16] proposed a simple empirical approach to address the problem
of self-shielding. An in-depth analysis of the self-shielding in neutron activation analysis was
made by Monte Carlo simulations [7]. The aim of the work was to compare the results of the
method of Chilian with a variety of more rigorous approaches from resonance theory, the so-
lution of the integral slowing-down equation and the detailed Monte Carlo calculations for a
number of realistic test cases. The final objective was to develop a simple procedure for cal-
culating the self-shielding factors that could be used routinely in neutron activation and similar
applications. To this purpose, the MATSSF code was developed and is available from the web
site http://www-nds.iaea.org/naa/matssf/.

These different methods of calculating resonance self-shielding factors of the resonance
integrals were intercompared on a set of realistic cases of monitor sample materials. The fol-
lowing conclusions can be drawn:

• The simple empirical approach of Chilian et. al. to calculate resonance self-shielding
factors produces reasonable results in many cases. The disadvantage of the method is that
it has little physical justification. The limitations of the method are difficult to assess,
so it should be used with caution, unless verified for specific materials and on specific
irradiation facilities [7].

• The simple method of the MATSSF code is based on the resonance theory and the equiva-
lence principle, which are well-established in reactor physics. Application of the method
by interpolation of pre-computed self-shielding factors is quick and simple. It was veri-
fied by comparison with Monte Carlo calculations involving a single resonance absorber
in the sample [7].

• None of the above-mentioned methods addresses interference between constituent nu-
clides. A more sophisticated method was tested, whereby the spectral effects were con-
sidered using average cross sections on an energy-grid in the 640-group SAND-II struc-
ture [17]. The method is useful for thicker samples where strong absorbers produce a
significant distortion of the local flux, but not in cases where only specific (narrow) res-
onances from different nuclides overlap. When several resonance absorbers are present,
the proposed approximation works well for wires and foils with their axis along the ir-
radiation channels and for isotropic sources. The scattering effects in wires lying flat in
a channel (perpendicular to the channel axis) change the effective flight path through the
sample, thus effectively increasing the neutron flux and reducing the self-shielding. The
effect is compensated by suitably adjusting the Bell factor. The method is now included
in the MATSSF code [7].

• The results were compared against direct Monte Carlo calculations for a full model of the
sample, including geometry and material composition. The analysis helped to understand
qualitatively and quantitatively the nature of the resonance self-shielding in activation
monitor material samples [7].

All in all, the simple method of MATSSF (and possibly the method of Chilian et. al.) can be
used to make first-order corrections for resonance self-shielding. The more advanced method
of MATSSF that uses the 640-group cross section library greatly increases the accuracy of the
resonance self-shielding factors when resonance interference is present, without significantly
increasing the computational effort. If still higher accuracy is needed, it is best to calculate
the self-shielding factors directly by the Monte Carlo technique, but special care is required

http://www-nds.iaea.org/naa/matssf/
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about the statistics, since the self-shielding factors are the ratios of reaction rates, which are
numerically of comparable magnitude [7].

The self-shielding factor calculations have been validated by a neutron activation experiment
performed in the TRIGA reactor at the Jožef Stefan Institute. Different rhodium sample foils
that span from about 10% to 60% correction due to the resonance self-shielding, have been
irradiated in two irradiation channels with different spectral characteristics. With accurately
calculated self-shielding factors, reasonably good consistency of results is obtained, validating
both MCNP and MATSSF self-shielding factor calculations.

The random sampling methods, mentioned above, were applied to the resonance parame-
ters. The impact of self-shielding on the resonance integral uncertainty due to uncertainties and
correlations of the resonance parameters has been estimated with PREPRO code [18], which
uses narrow resonance approximation [10]. If all resonance parameters or at least a significant
part of them are correlated, the resonance integral uncertainty greatly depends on the size of the
sample or equivalently, its dilution cross section. Consequently, the relative uncertainty in the
self-shielded cross sections of large and dense material samples can be much larger than that of
smaller samples. The effect of converting the covariances of the resonance parameters into the
cross section covariance matrix was investigated. The important conclusion is that in general
it is not appropriate to replace resonance parameter covariances with cross section covariances,
which has been demonstrated on the case of 55Mn [10]. The two covariance representations are
not equivalent even when the energy mesh for the cross section covariance matrix is relatively
dense. It has been shown that commonly used reactor dosimetry SAND-II representation [17]
of 640 groups is not adequate to derive the uncertainty of the resonance integral for strongly-
shielded samples.

4 NUCLEAR DATA ADJUSTMENT

For covariance analysis in the fast energy range, where the self-shielding effect is negligible,
a different approach is used. The principle of nuclear data adjustment by taking into account
new measurements of arbitrary observables has been described focusing on the linear least
squares fitting method [19]. The methodology was illustrated on the example of tungsten cross
section, where the evaluation of isotopic reaction cross section covariance data was extended to
include experimentally measured data on elemental samples [6], using the GANDR code [3].
At present, the total cross section data of elemental tungsten were included in the analysis and
the cross-material correlations were limited to the elastic and capture reactions. Since the cross
sections in the original evaluations were determined well by the relatively abundant experimen-
tal data for the isotopes, the inclusion of the additional experimental data had little effect on the
overall uncertainties. Cross-material correlations appeared mainly between the cross sections
for the elastic channels of the major isotopes. The predicted activities of the monitor samples
in the tungsten block of the FNG-W experiment remained practically unchanged when the new
data were used for the calculations. The uncertainties were slightly reduced, mainly due to the
smaller uncertainties in the isotopic cross sections and not from the cross-material correlations.
One should not jump to conclusions about the importance of cross-material covariances based
on the present analysis alone. The present benchmark is known to have a high sensitivity to the
(n,2n) reaction and capture. The main value of the present analysis is the demonstration of data
consistency. Work is in progress to include cross-material covariances of the (n,2n) reaction and
to include experimentally measured capture and (n,2n) cross section data for elemental tungsten
samples.
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5 CONCLUSIONS

In the thesis, the use of covariance matrices in reactor calculations has been widely dis-
cussed. Different methods for random sampling have been described, compared, and demon-
strated for resonance parameters. The methods are general and their applicability is not re-
stricted to nuclear data. With combinations of sampling methods and deterministic resonance
integral calculations, different covariance representations have been compared. Furthermore,
self-shielding factors, which are important for neutron activation analysis, have been calcu-
lated using deterministic and probabilistic methods for a number of realistic samples of monitor
materials. They were experimentally validated for rhodium foils of different dimensions. In
contrast to the use of covariance matrices of nuclear data for estimating uncertainties of reac-
tor parameters, measurements of these quantities can be used to inversely adjust the nuclear
data and corresponding covariances. This method has been used for inclusion of isotopic and
elemental experimental data for the evaluation of tungsten cross sections.

The use of covariance matrices for estimating uncertainties is still a rarity in reactor calcula-
tions. Because of the rapid increase in computer efficiency, more such analyses can be expected
in the future. The thesis includes a thorough description of the general covariance treatment
from input data to integral parameters, with the emphasis on the random sampling methods,
one of which is completely new, and of the general method of cross section and corresponding
covariance matrix adjustment by inclusion of experimental data. The use of these methods is
illustrated by individual, original examples. The most important theoretical result of the thesis
is the derivation of the correlated sampling method, while the most important practical result of
the analysis is that in general it is not appropriate to replace resonance parameter covariances
with the cross section covariances.
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[8] R. Jaćimović, A. Trkov, G. Žerovnik, L. Snoj, P. Schillebeeckx, ”Validation of calculated
self-shielding factors for Rh foils”, Nucl. Instr. Meth. A, 622, 2010, pp. 399-402.
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