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ABSTRACT 

SERPENT is a continuous energy Monte Carlo reactor physics burnup calculation code 
developed at VTT Technical Research Centre in Finland. Due to the algorithms used in 
SERPENT, special techniques can be applied that can speed up the calculations. This is 
especially important in burnup calculations, where typical running times for burnup 
calculation can extend into weeks with Monte Carlo codes like MCNPX, while with 
SERPENT the calculation time is reduced to a few hours. Nevertheless, calculation time 
reduction requires parallelization and the use of cluster systems since the burnup calculations 
require large amount of computer power and memory. In this paper different burnup methods 
implemented in the SERPENT code are analyzed. Calculation time is tested against the 
number of processors used. In general this kind of validations of burnup calculations can be 
complicated. The reasons are the lack of a perfect reference solution and the uncertainties 
from approximations in the models, nuclear data and specific methods used. In the presented 
calculations the NEA benchmarks are used as a reference to compare the atom number 
densities for specific isotopes at specific burnup steps.  

1 INTRODUCTION 

SERPENT [1] is not a typical Monte Carlo code. While the majority of the other codes 
use the ray-tracing algorithm as a transport model, SERPENT uses the Woodcock delta 
tracking method. In this way the geometry routines get simplified and calculations are faster 
compared to conventional Monte Carlo codes. In the past extensive studies on nuclear fuel 
burnup analyses have been performed. Fuel performance is strongly dependent on its isotopic 
composition. To know the isotopic composition it is necessary to perform burnup calculations 
with a burnup code, like ORIGEN [2]. However in recent years with the availability of large 
computer systems the use of Monte Carlo codes has increased. However they are not widely 
used in burnup calculations due to large running times. In order to calculate the concentration 
of the various nuclides during burnup it is necessary to solve the balance equations, known as 
Bateman equations: 
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where Nj is the atom density of isotope j; γi→j is the fractional yield of fission product j 
by fission of isotope i; σf,i is the spectrum-averaged microscopic fission cross section of 
isotope i; Φ is the scalar flux in the fuel region; λi→j is the decay constant of decay i→j; σi→j is 
the microscopic transmutation cross section of reaction i→j; Ni is the atomic density of 
isotope i. λj is the decay constant of isotope j; σj is the microscopic total transmutation cross 
section of isotope j. 

The equation (1) can be rewritten as a matrix and a solution can be sought by the matrix 
exponential method [3]: 

( )( ) M tN t t e N t∆+ ∆ = ,          (2) 

where M is an I×I square matrix with constant components over time interval from t to 
t+∆t. The exponential of the matrix M∆t is defined as a power series expansion. With the use 
of the numeric algorithms the exponential of the matrix can be solved by applying certain 
approximations. SERPENT uses several methods described in the next section. 

2 SERPENT BURNUP METHODS 

2.1 CRAM method 

This is an advanced exponential solution based on the Chebsyev Rational 
Approximation Method (CRAM). It is a new matrix exponential method that is based on the 
observation that the eigenvalues of the matrix M appear to be clustered around the negative 
real axis [1]. 

2.2 TTA method 

This is a linear transmutation chain method known as transmutation trajectory analysis 
(TTA). This method is based on analytical solution of linearized transmutation chains [5]. 

2.3 Variational TA method 

The last option is the variational TTA method, in which cyclic transmutation chains are 
handled by inducing small variations in the coefficients instead of solving the extended TTA 
equations. 

3 BENCHMARK  

The goal of this study was to test SERPENT burnup models and evaluate the results 
against the results obtained from the NEA benchmark [6]. In the first part the accuracy of the 
SERPENT models was analyzed by comparing the nuclear densities, multiplication factor and 
cross sections for specific isotopes. In the second part of the study the burnup calculations 
were performed and the performance of different burnup options in the SERPENT code 
against the computational time was evaluated.  

The NEA plutonium benchmark was used as a burnup benchmark because the recycling 
of plutonium in MOX fuel is now a well established technology as it will be even more so in 
the next generation of nuclear power stations. This technology together with increased burnup 
fuel will present challenging problems for present deterministic codes, so this was a good 
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reason to test the capabilities of present features of the Monte Carlo code SERPENT. Two 
different benchmarks were analyzed. They are simple infinite array of pin cells. Each pin has 
a cell with MOX fuel, cladding and water. The characteristics of the pin cell are presented on 
Figure 1. The first problem, designated ‘Benchmark A’ is a pin cell with plutonium of low 
isotopic quality (low fraction of 239Pu and 241Pu) while the other problem, designated as 
‘Benchmark B’ has plutonium with a higher fissile fraction (see Table1).  

 
Figure 1: Pin cell model, geometry and temperature characteristics 

 

Table 1: Isotopic composition of plutonium in benchmarks A and B 

 Pu-238 Pu-239 Pu-240 Pu-241 Pu-242 
Benchmark A 4% 36% 28% 12% 20% 
Benchmark B 1.8% 59% 23% 12.2% 4.0% 

Burnup evaluation was performed from 0 to 50 MWd/kg including the following steps: 
0, 0.15, 0.5, 1, 2, 4, 6, 10, 15, 20, 22, 26, 30, 33, 38, 42, 47 and 50 MWd/kg. Power density of 
0.383 was used for normalization. Experimental data are not available for this benchmark so 
the results were compared to the average values obtained from the NEA results. Total of 13 
representatives contributed their results to the benchmark. The total list of participants, codes 
and nuclear data libraries are presented in [6]. Most of the contributors used determinist 
lattice codes. We have compared and evaluated the following data: 

• Number densities as a function of burnup, 

• k-infinity as a function of burnup, 

• Cross sections (absorption and fission) as a function of isotope and burnup 

The SERPENT code can use three burnup options (CRAM, TTA, varTTA) for solving 
the Bateman equations. For each option we can additionally use the predictor-corrector 
calculation option (ON or OFF) [1]. Using this option the neutron transport calculation is 
repeated, so the results of isotopic changes are more accurate; however, the calculation time is 
increased. In total we used six options: TTA+off, TTA+on, CRAM+off, CRAM+on (default 
burnup option), varTTA+off, varTTA+on. In our analysis we have used continuous energy 
data from the ENDF/B-VII.0 cross section library in ACE format.  

3.1 NEA benchmark results 

3.1.1 Number density with burnup 

Total 36 isotopes were analyzed. In table 2 the results of the default burnup SERPENT 
option (CRAM+on) against the average result obtained from NEA benchmark are presented. 
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Table 2: Number densities [%] deviation for specific burnup step [MWd/kg] using 
SERPENT and average result from benchmark study 

 Benchmark A Benchmark B 
 10 33 42 50 10 33 42 50 
U-234  2.6 1.3 0.7 0.4 5.1 9.4 10.3 11.0 
U-235  -0.1 -0.2 -0.3 -0.3 0.0 -0.5 -0.8 -1.1 
U-236  2.9 3.2 3.4 3.6 2.5 3.2 3.4 3.6 
U-238  0.0 0.0 0.0 -0.1 0.0 0.0 0.0 -0.1 
Np-237 11.9 9.8 8.9 8.3 13.8 12.8 12.5 11.7 
Pu-238 -0.3 -0.1 0.4 0.9 -0.3 1.0 2.0 2.8 
Pu-239 -0.3 -0.9 -1.0 -1.1 -0.7 -2.4 -3.0 -3.2 
Pu-240 -0.3 -1.0 -1.4 -1.7 0.1 -0.1 -0.5 -1.0 
Pu-241 0.6 1.3 1.5 1.6 0.2 0.1 0.0 -0.3 
Pu-242 0.9 2.9 3.8 4.5 0.3 1.5 1.9 2.2 
Am-241 3.3 3.0 3.0 2.9 4.3 2.9 2.0 1.2 
Am-243 -12.8 -11.7 -11.1 -10.5 8.4 7.2 6.9 6.7 
Cm-242 -1.2 -1.0 -1.0 -0.8 0.0 0.0 0.0 0.3 
Cm-243 -9.2 -4.5 -3.6 -2.8 -10.6 -7.8 -7.5 -7.3 
Cm-244 1.8 0.9 0.6 0.7 14.5 11.9 10.7 9.9 
Cm-245 16.8 17.0 16.5 14.9 35.4 34.1 33.8 31.9 
Mo-95  -28.4 -9.2 -7.8 -7.0 -21.2 -6.6 -5.7 -5.3 
Tc-99  2.2 1.5 1.1 0.9 2.4 1.5 1.1 0.7 
Ru-101 3.3 3.1 3.0 2.9 3.3 3.2 3.2 3.2 
Rh-103 0.9 3.5 3.7 3.8 -0.8 2.1 2.3 2.5 
Pd-105 2.5 2.4 2.4 2.5 3.0 2.5 2.5 2.5 
Ag-109 -27.9 -23.2 -21.4 -19.7 -31.8 -25.4 -22.8 -20.7 
Xe-131 2.2 4.7 5.3 5.7 2.1 3.7 3.9 4.1 
Xe-135 -0.3 1.5 2.2 2.8 -2.2 -0.7 0.0 0.3 
Cs-133 1.7 2.5 2.7 2.8 2.1 2.7 2.9 2.9 
Cs-135 2.4 2.5 2.6 2.8 4.1 3.3 3.2 3.2 
Nd-143 -8.8 -7.7 -7.7 -7.9 -7.0 -7.1 -7.5 -7.9 
Nd-145 -1.5 -1.7 -1.7 -1.7 -1.2 -1.8 -2.0 -2.2 
Pm-147 9.6 10.9 11.5 12.3 3.9 4.1 4.5 4.7 
Sm-149 -8.0 -10.6 -10.1 -9.8 -5.4 -8.5 -8.3 -8.4 
Sm-150 1.8 0.8 1.3 1.9 0.3 0.4 1.1 1.8 
Sm-151 -3.4 -14.4 -17.6 -19.7 -4.0 -13.6 -15.6 -16.7 
Sm-152 2.0 -4.0 -6.8 -8.7 -0.7 -8.4 -11.6 -13.8 
Eu-153 8.5 10.0 9.3 8.0 7.1 6.7 5.4 3.9 
Eu-154 8.2 5.2 2.8 0.1 3.7 -4.4 -9.5 -14.4 
Eu-155 -24.9 -13.6 -24.4 -22.6 -28.5 -14.9 -10.7 -9.3 

Only the default (CRAM+on) SERPENT burnup results are presented since the 
deviations between different burnup options were minor, on average ~ 0.31% concerning 
number densities. It can be seen from Table 2 that the majority of actinides fall within a 
deviation of 5% for Benchmark A, except the densities of Np-237, Am-243, Cm-243 and Cm-
245 which are higher. Some of the deviations in heavy actinides can be a consequence of self 
shielding models in deterministic codes, while the major deviations are probably due to the 
cross section libraries. The same is true for the fission products. The highest discrepancies are 
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found in Ag-109, which is one of the most important isotopes with a high absorption cross 
section. 

3.1.2 Multiplication factor with burnup 

 
Figure 2: K infinity with burnup 

Figure 2 presents the results of multiplication factor for Benchmarks A and B from 
various participants in the NEA benchmark exercise and SERPENT results. The results of the 
multiplication factor show a considerable spread for Benchmark A. The SERPENT result is 
somewhere in the middle. In benchmark B we have less Pu-242, for which self shielding is 
important, consequently results are in better agreement. 

 
3.1.3 Fission and absorption cross sections with burnup 

Table 3: Deviation of fission cross sections [%] from average NEA results for various 
burnup steps [MWd/kg]. Fractional fission rates for fuel with a burnup of 50 MWd/kg for 

each isotope are presented 

 Benchmark A Benchmark B 
 Burnup [MWd/kg] Fract. Burnup [MWd/kg] Fract.  0 10 33 42 50 0 10 33 42 50 
U-234  -2.9 -1.9 -2.1 -2.2 -2.3 1.4E-05 -1.5 -1.9 -2.3 -2.8 -2.9 3.7E-06 
U-235  0.1 -0.3 0.0 -0.7 -0.4 1.2E-02 -1.3 -1.6 -1.1 -1.2 -1.3 5.8E-03 
U-236  6.9 11.0 7.1 6.4 5.9 6.0E-05 2.1 8.5 3.6 4.4 3.9 2.7E-05 
U-238  -0.2 -0.5 -0.6 -0.7 -1.0 2.7E-02 0.1 -0.3 -1.0 -1.1 -1.2 2.9E-02 
Np-237 5.8 11.6 7.1 6.9 6.5 4.1E-05 6.2 12.5 7.2 7.0 6.4 3.1E-05 
Pu-238 -2.9 -3.2 -3.2 -3.1 -3.1 2.0E-03 -3.6 -3.9 -3.7 -3.8 -3.8 5.3E-04 
Pu-239 1.0 0.6 1.1 0.9 1.1 1.8E-01 0.1 -0.3 1.2 1.0 1.2 1.9E-01 
Pu-240 0.1 0.7 0.4 0.2 0.2 4.7E-03 -0.8 -0.2 -0.8 -1.1 -1.1 1.9E-03 
Pu-241 -1.9 -2.0 -2.1 -2.2 -2.1 1.1E-01 -2.6 -1.9 -1.3 -1.2 -1.4 1.1E-01 
Pu-242 -1.7 -1.8 -1.9 -2.2 -2.1 3.2E-03 -2.4 -1.8 -2.1 -2.2 -2.3 6.0E-04 
Am-241 -0.4 2.8 -1.1 -1.5 -1.9 3.0E-04 -1.9 2.0 -2.6 -3.3 -3.7 1.2E-04 
Am-243 1.4 2.7 -0.6 -0.8 -1.2 4.8E-04 2.3 3.0 -1.0 -1.2 -1.5 1.8E-04 
Cm-242 -58.5 -57.7 -57.5 -57.5 -57.5 2.7E-05 -58.7 -57.9 -57.7 -57.6 -57.5 2.0E-05 
Cm-243 -15.8 -14.8 -14.9 -14.6 -14.1 8.9E-05 -12.8 -12.5 -10.7 -10.2 -10.0 8.7E-05 
Cm-244 -8.5 -8.4 -7.3 -7.4 -7.5 4.3E-04 -9.3 -9.6 -8.7 -9.1 -9.2 2.1E-04 
Cm-245 1.3 4.9 2.5 2.1 2.4 2.2E-03 0.2 3.2 2.4 2.5 2.6 2.0E-03 



311.6 

Table 4: Deviation of absorption cross sections [%] from average NEA results for 
various burnup steps [MWd/kg]. Fractional absorption rates for a fuel with a burnup 50 

MWd/kg for each isotope are presented 

 Benchmark A Benchmark B 
 Burnup [MWd/kg] Fract. Burnup [MWd/kg] Fract.  0 10 33 42 50 0 10 33 42 50 
U-234  2.7 0.8 3.0 2.0 1.1 3.6E-04 -0.1 -0.8 -0.4 -0.2 -2.2 1.2E-04 
U-235  0.4 -0.1 0.2 -0.5 -0.3 1.6E-02 -0.9 -1.4 -1.0 -1.1 -1.1 7.4E-03 
U-236  8.4 -0.2 -2.3 -3.7 -4.8 1.2E-03 7.1 -0.6 -4.1 -1.9 -3.4 6.4E-04 
U-238  -1.0 -0.5 -0.3 -0.2 0.1 2.1E-01 -1.2 -0.8 -0.9 -0.4 -0.7 2.5E-01 
Np-237 1.0 1.4 2.8 2.0 1.9 1.2E-03 -0.6 -0.6 0.6 0.0 -0.6 1.4E-03 
Pu-238 4.7 4.3 4.5 4.5 3.9 1.1E-02 2.3 2.4 2.8 2.9 2.7 4.9E-03 
Pu-239 0.4 0.0 0.5 0.3 0.5 2.7E-01 -0.1 -0.5 1.0 0.9 1.1 2.9E-01 
Pu-240 2.3 2.5 3.6 3.1 3.6 1.6E-01 0.3 0.5 1.7 1.0 1.8 1.4E-01 
Pu-241 -0.4 -0.6 -0.6 -0.7 -0.5 1.5E-01 -1.0 -0.3 0.2 0.3 0.1 1.5E-01 
Pu-242 -12.6 -14.3 -15.8 -16.1 -17.0 4.6E-02 7.9 5.9 3.4 3.6 -0.7 2.2E-02 
Am-241 0.1 -0.3 0.2 -0.2 -0.6 1.4E-02 -2.1 -1.5 -0.1 -0.8 -1.2 8.6E-03 
Am-243 0.9 0.7 0.9 1.0 0.5 2.7E-02 1.0 -0.3 1.5 0.2 0.3 1.5E-02 
Cm-242 -19.8 -18.7 -19.1 -19.5 -19.9 2.3E-04 -23.2 -21.8 -21.2 -22.3 -22.0 1.8E-04 
Cm-243 -16.0 -15.1 -15.1 -14.8 -14.3 1.0E-04 -13.0 -12.7 -10.8 -10.3 -10.1 1.0E-04 
Cm-244 13.7 10.1 13.9 12.8 11.0 6.4E-03 14.8 11.4 18.1 15.6 15.4 4.0E-03 
Cm-245 1.1 4.9 2.4 2.0 2.3 2.5E-03 0.1 3.1 2.2 2.4 2.4 2.3E-03 
Mo-95  -0.9 7.8 3.9 6.8 2.3 1.7E-03 -1.6 7.8 3.7 4.5 6.1 2.0E-03 
Tc-99  17.2 26.8 21.4 20.7 19.7 5.1E-03 16.6 26.7 21.5 22.0 20.4 6.1E-03 
Ru-101 7.1 7.1 5.9 4.9 5.9 2.5E-03 7.3 6.0 6.7 7.5 6.9 2.8E-03 
Rh-103 2.1 0.7 0.5 0.2 0.4 8.7E-03 1.5 0.7 1.6 0.0 0.5 1.4E-02 
Pd-105 3.9 1.6 1.7 1.3 2.0 2.2E-03 2.4 2.2 2.1 1.0 1.3 2.6E-03 
Ag-109 8.7 13.9 10.5 9.8 7.4 3.6E-03 7.2 11.9 7.3 8.2 6.1 4.0E-03 
Xe-131 -11.9 1.0 -3.3 -3.9 -1.7 6.2E-03 -8.5 6.0 2.2 0.3 0.9 7.5E-03 
Xe-135 -0.5 0.2 0.1 -0.4 -0.5 8.5E-03 -0.4 -0.1 0.7 0.7 0.7 1.5E-02 
Cs-133 1.0 11.5 5.1 4.5 4.6 6.8E-03 -0.6 9.8 4.6 4.7 4.2 8.0E-03 
Cs-135 -18.8 -15.4 -18.0 -18.8 -17.1 1.1E-03 -16.0 -14.3 -17.2 -17.2 -15.8 9.0E-04 
Nd-143 2.2 11.8 7.8 7.4 6.6 3.5E-03 0.6 9.1 5.7 5.9 5.0 6.3E-03 
Nd-145 3.4 13.2 8.0 6.7 7.4 2.4E-03 5.5 15.7 9.8 10.2 11.0 3.0E-03 
Pm-147 4.9 6.1 -0.7 -1.2 -3.7 4.2E-03 3.8 5.4 -2.6 -1.8 -3.2 4.7E-03 
Sm-149 -2.8 3.3 1.9 1.2 1.2 5.9E-03 -3.1 1.5 1.6 1.4 1.7 6.5E-03 
Sm-150 -46.9 -32.6 -36.0 -34.8 -34.7 8.7E-04 -41.5 -28.3 -29.3 -27.6 -28.0 1.4E-03 
Sm-151 -4.2 7.0 5.1 4.5 4.4 3.6E-03 -4.1 5.8 4.2 4.5 4.1 4.2E-03 
Sm-152 16.6 26.5 18.6 18.2 18.5 4.7E-03 18.2 22.9 18.5 16.5 15.7 5.5E-03 
Eu-153 2.5 11.6 5.5 5.6 5.0 3.6E-03 2.1 8.9 4.3 3.9 3.5 4.8E-03 
Eu-154 7.6 26.0 19.3 20.0 20.8 1.9E-03 21.6 38.4 36.7 39.1 40.1 3.7E-03 
Eu-155 78.8 55.5 49.0 46.2 44.1 2.3E-03 62.0 43.5 32.2 28.4 25.5 4.1E-03 

Variations of fission cross section in benchmarks A and B computed with SERPENT do 
not change much with burnup. On average the spread of values is around 2-3 % for majority 
of actinides, however there are some huge differences for example for the curium isotopes. By 
inspecting the fractional fission rates it can bee seen that the impact of those isotopes on 
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fission is minor. The same calculations were also performed with an older version of library 
ENDF/B-VI.8 and the results show around 10% variations for curium isotopes compared to 
ENDF/B-VII.0. The assumption is that the largest discrepancies in fission and absorption 
cross sections are due to the different data used and the use of Monte Carlo method. Again, 
the experimental data for this benchmark are not available, so the final conclusion about 
burnup accuracy calculations with SERPENT can not be drawn.  

3.2 SERPENT burnup parallelisation benchmark results 

Conventional Monte Carlo transport methods are based on a ray-tracing algorithm while 
SERPENT code uses Woodcock delta-tracking method. In a ray tracing algorithm it is 
necessary to adjust or re-sample the path of a neutron every time the neutron crosses a cell 
boundary since a neutron path in one material is not statistically valid in the next material 
while in a delta-tracking method we do not need to adjust the free path length of a neutron. 
This is possible because in the delta-tracking method an appropriate virtual collision cross 
section to each material is added in such way that the modified cross section has the same 
value in all materials. In this way the geometry routines are simplified and can speed up the 
calculations [7]. Until now all benchmarks were performed using four processors since this 
option was found to be the fastest. Parallelisation in SERPENT uses a very simple procedure 
that divides the entire simulation into several parallel sub-tasks. The final results are 
combined at the end of the calculation. The analyses were performed with 10 inactive and 500 
active cycles of 1000 neutrons using 2.67GHz Intel Xeon CPU. Table 5 shows the 
dependence of the calculation time on the number of processors.  

Table 5: Total burnup calculation time in regards to the number of parallel calculation 
modes 

No. of processors 1 2 3 4 5 6 
Total calculation [minutes] 59.42 31.48 24.73  20.78  21.28 32.25 

It can be seen that with the use of more processors the calculation time decreases. In the 
case of four processors the calculation time is the smallest. Compared to a single processor 
calculation the speed up factor is around three. However it can be seen that the calculation 
time increases with the use of five or six processors. Since the burnup calculations are 
strongly dependent on the computer memory it can be assumed that with the use of more 
processors there is not enough memory for each processor, therefore the calculation time 
increases.  

Furthermore, the total calculation time can be decreased with the predictor-corrector 
calculation method turned off. In this way the total calculation time is around 10 minutes, 
however the isotopic changes during each burnup step are less accurate. By comparing the 
number densities of isotopes from table 4 for given burnup steps 10, 33, 42 and 50 MWd/kg 
and using CRAM method the results show an average deviation of 0.66% against the results 
with the predictor-corrector calculation method. The same deviation can be observed with the 
absorption cross section while for the fission cross sections the average deviation is around 
0.17%. 

4 CONCLUSION 

In this paper the results of the SERPENT code burnup NEA benchmark are presented. 
The burnup accuracy with SERPENT code is hard to validate by comparison of the results to 
other benchmarks, since the variations due to the use of different libraries can be very high for 
specific isotopes. The effect of resonance self shielding does not present a serious problem in 
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Monte Carlo simulations compared to the determinist codes, so the major drawback is still the 
running time.  

It was demonstrated that the use of specific burnup options can reduce the total running 
time from 60 minutes to around 10 minutes. In this way some accuracy is lost but the 
deviations are around 1% and are still smaller than the deviations due to the use of different 
nuclear data libraries. The use of code parallelisation should be more efficient for computing 
the burnup of larger systems with many burnup regions since the parallelization of burnup and 
processing routines is mostly handled by dividing the materials between parallelisation tasks. 
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