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ABSTRACT 
In this work we propose an anisotropic elasto-plastic finite element model to account for 

various observations in the tensile test experiments on stainless steel specimen. Using 
Voronoi construction for the grains, grain boundaries and anisotropic Hill’s plastic potential 
function, we find a clear correlation between the computed average misorientation angle, 
measuring the change of local crystal orientations, and the applied plastic strain, in agreement 
with the electron backscatter diffraction measurements. For various tessellations with 
different numbers of grains and initial random crystal orientations we find the calibrating 
values for the Hill’s parameters that fit simultaneously the measured macroscopic stress-strain 
curve as well as the average spread of crystal orientations. 

1 INTRODUCTION 

In stainless steels the imposed plastic strain often produces residual stresses that increase the 
probability for initialization and propagation of microstructurally short cracks. In order to 
evaluate crack growth precisely, it is important to characterize the degree of plastic strain on 
a local scale. Although macroscopic strain appears uniform and homogeneous, local strain of 
polycrystalline material is inhomogeneous due to anisotropy of crystal grains and their 
random orientation distribution. On a microstructural scale, plastic deformation is associated 
with the crystallographic slip and geometrically necessary dislocations. Crystal orientations 
are changed due to accumulation of dislocations and may show fluctuations of several 
degrees even in the same grain [1, 2, 3]. 

In polycrystals local plastic strain cannot be measured directly. Among few experimental 
probes electron backscatter diffraction (EBSD) method has been a great advance in this field 
because it enables to estimate local plastic strain quickly by measuring local crystal 
orientations of the scanned surfaces. Measurements on stainless steel under tensile loading [1, 
2, 3] revealed a good correlation between the spread of crystal orientations within the 
individual grains and the imposed macroscopic plastic strain. 

In this paper, we propose an anisotropic elasto-plastic finite element model to verify by 
simulations the above mentioned observations. For this,various spatial models were generated 
by Voronoi tessellations of the cube [4] using initial random orientation of the grains. By 
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Figure 1: Left: spatial Voronoi tessellation model with 100 grains and depicted boundary
conditions. The cube side length is 1 mm. Right: various mesh densities used in finite element
simulations (average element size shown is respectively 45µm, 26µm and 15µm).

tuning the parameters of the anisotropic plasticity constitutive model, as defined by Hill’s plastic
potential function [5], the model is calibrated against two separate measurements on AISI 316
stainless steel under uniaxial tensile loading: the corresponding macroscopic stress-strain curve
[6] and EBSD measurements of an average spread of crystal orientations within the grains [1].

The proposed model can be in principle used to study the irradiation effects in stainless
steel when used as a material for internals or as cladding of fuel rods in nuclear power plant
reactors. It is known that exposure to neutron irradiation for extended periods changes the
microstructures of these steels which affects their mechanical as well as corrosion properties
[7]. Since the resulting irradiation-induced hardening behavior can be clearly seen in tensile
test experiments, such data, in combination with the measured local crystal orientations, can
be used to calibrate the proposed model, for example, as a function of the irradiation dose. In
this way, one could directly estimate the (grain-averaged) irradiation effects on the hardening
behavior of the irradiated stainless steel.

2 FINITE ELEMENT MODEL

The framework for building a finite element model of grains as well as grain boundaries in
complex spatial structures is described in detail in [8, 9]. We use finite element models gener-
ated upon a spatial Voronoi tessellation [4] and ABAQUS finite element solver [10]. We choose
to simulate a cube under tensile deformation shown in Fig.1 (left). Grains are meshed by
tetrahedral elements C3D4 (see Fig.1 (right)) while grain boundaries by triangular cohesive
elements COH3D6 [10]. Conformal meshing is applied at all grain boundaries to reduce nu-
merical issues with discontinuities. For the most studied case the total number of grains, grain
boundaries, solid elements, cohesive elements and nodes of the model were 100, 517, 500847,
46272 and 115378, respectively; the corresponding mesh is shown in Fig.1 (right) for the
average element size 26µm.

An assumption of using analytical spatial geometries with smooth surfaces for the grain
boundaries prevents us to credibly study the local structural properties at a microscale. Since we
are interested here in an average local behavior of crystal orientations, we believe that artificial
partitioning of the modeling space does not qualitatively impact the accuracy of the results.

Regarding boundary conditions, an incremental tensile displacement was applied along the
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Z axis to all the nodes on a front surface, while the nodes on a back surface were constrained in
all three directions (see Fig.1 (left)). The displacements were applied in four simulation steps
with the corresponding nominal strains (engineering strainsεe) at the front surface:εe = 0.05,
0.10, 0.15 and 0.20. Assuming there is s symmetry plane on a front surface, such boundary
conditions could be a good approximation for the description of the half of the experimental
tensile test setup.

3 CONSTITUTIVE MODEL

Each crystal grain in the polycrystalline aggregate is assumed to behave as an anisotropic
continuum. Random orientations of crystal lattice differ from grain to grain. Constitutive rela-
tions in linear elasticity are given by the generalized Hooke’s law:

σij = Cijkl · εkl (1)

whereσij represents the second rank stress tensor,Cijkl represents the fourth rank stiffness
tensor andεij represents the second rank strain tensor. Indicesi, j, k and l are running from
1 to 3. A cubic crystal lattice symmetry imposes three independent constantsC1111, C1122 and
C1212. In this study we use [8]: C1111 = 204600 MPa,C1122 = 137700 MPa,C1212 = 126200
MPa.

The anisotropic behavior in plastic regime is described by Hill’s plastic potential function
(yield function) [5]. It was shown [11] that the expected benefits of such a phenomenological
approach (compared to more faithful crystal-plasticity models that explicitly account for the
crystallographic slip) are faster calculation with reasonably small impact on the accuracy of the
results on the macroscopic scale. Hill’s plastic potential function is a simple extension of the
von Mises function, which can be expressed for orthotropic materials in terms of rectangular
Cartesian stress components as [10, 11]:

Φ =

√
P ((σyy − σzz)2 + (σzz − σxx)2 + (σxx − σyy)2) + 2Q

(
σ2

yz + σ2
zx + σ2

xy

)
(2)

whereP andQ are constants that can be obtained from measuring the response of the material
in different directions, andσij are the stresses. IfQ = 3P , isotropic von Misses plasticity is
obtained. BesideP andQ, also a reference stress-strain curve has to be implemented as an
input to the simulation. Ideally, a reference curve would represent a realistic response of a
single crystal loaded in one specific direction. We were unable to find such a curve for AISI
316 stainless steel, thus we decided to use instead a curve for a polycrystal response [6]. To
estimate average local behavior of crystal orientations, such a rather simplified treatment of the
plastic flow should not qualitatively impact the accuracy of the results.

Grain boundaries are modeled using cohesive-zone approach where we employ cohesive
elements with traction-separation constitutive behavior without incorporation of damage [12,
10]. The stiffness matrix, which relates one normal (tn) and two shear tractions (ts, tt) with
the corresponding strains, is defined solely by the three diagonal components:Knn, Kss and
Ktt. Cohesive elements have zero physical thickness, however a finite constitutive thickness is
taken to facilitate finite stiffness (T0 = 10−3 mm). The following elastic constants are used:
Knn = 204600 MPa,Kss = Ktt = 78692.3 MPa.
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Figure 2: Volume averaged equivalent stress-strain curves calculated in a 100-grain model for
variousP andQ using average element size of 26µm. Experimental response curve [6] is also
shown for a comparison.

4 RESULTS

4.1 Macroscopic tensile curve

The computed macroscopic tensile response (in terms of volume averaged equivalent stresses
and strains) of the 100-grain model is shown in Fig.2. It can be seen that the positions of the
curves are controlled mainly byQ (curves with sameQ have the same color), while the impact
of P is much smaller. Therefore, it seems obvious from Fig.2 to constrainQ = 1 in order to
fit the experimental curve [6]. We note, however, that by design a perfect fit exists forP = 0.5
andQ = 1.5 (not shown) for which an isotropic behavior of the Hill’s plastic potentialΦ is re-
stored. However, the lack of anisotropy in such a model would prevent the evolution of crystal
orientation changes within the grains (at least on a front surface where boundary conditions are
soft).

4.2 Evolution of grain orientations

Tensile test experiments on stainless steel [1] revealed a clear correlation between the mis-
orientation (change of local crystal orientation) and the plastic strain. In Fig.3 (left) we show
an example of the ABAQUS output for the local material orientations of the elements. We show
only elements from the front surface that will be considered in the following analyzes. At the
same time we will use the same word (grain) to describe a 2D grain (i.e., partition on a front
surface) and a 3D grain (i.e., partition of a modeled space). In Fig.3 (left), for example, the
simulated cube has 100 grains and the front surface has 26 grains.

The changes of local material orientations upon loading are shown in a pole figure in Fig.3
(right). The clusters of points correspond to grain orientations and their final spread to misori-
entations within the grains. It is evident that the largest effect of the increasing nominal strain
εe is the increase of the orientation spread, although the change in the overall grain orientation
(central orientation) is also visible in some grains. The central orientation for the graink is
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Figure 3:Left: visualization of local material orientations calculated for a maximum displace-
ment (step 4) on the elements composing the front surface of the 100-grain cube. Right: a
{001}-pole figure showing the orientations of the elements from the front surface of the 100-
grain cube (average element size 15µm) for initial and four incremental steps usingP = 2 and
Q = 1.

determined as the orientation at the elementp that gives the minimum value ofSk(p), where

Sk(p) =
nk∑

i=1

β(p, i) (3)

andβ(p, i) denotes the misorientation angle between elementsp andi within the grain, andnk

is the number of elements included in the graink. In the calculation of misorientationβ(p, i) all
three local coordinate axes of elementsp andi are considered. Since we know their coordinates
in the global coordinate system, first a rotation matrixRpi between the two local systems is
generated. Finally, the misorientationβ(p, i) is obtained from

1 + 2 cos β(p, i) = Tr (Rpi) . (4)

4.3 Average orientation spread

Orientation spread from the central orientation observed in Fig.3 (right) is further quantified
in Fig. 4 (left) where we show the distributionsW of misorientation anglesβ(p, i) calculated on
all the elements from the front surface using Eq. (4). The effect of Hill’s plasticity parameterP
(for Q = 1) is clearly seen: larger theP , wider the distributionW and hence larger orientation
spread. Since the shape of the distributionW does not change much withP (at fixed step), it is
reasonable to assume the average ofW to be a characteristic parameter of the distribution. In
fact, this parameter is called crystal deformationCd in [1] and is formally defined as

Cd =

ng∑
k=1

nk∑
i=1

β(pk, i)

ng∑
k=1

nk

(5)

whereng is the number of grains on the front surface andpk denotes the element with the central
orientation of the graink. At fixed P andQ and for increasing nominal strain the distributions
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Figure 4:Left: normalized distributions of misorientation angles on the front surface elements
of the 100-grain cube (average element size 26µm) for three simulation steps (shifted for clar-
ity) and three parameter sets:Q = 1 andP = 1, 3, 9 (columns). Right: visualization of the
spatial misorientation distribution for a nominal strain 0.05 (step 1) andP = 3, Q = 1. We use
the units of degrees.

from Fig. 4 (left) redistribute their weights from lower to higher misorientation values. This
effect can also be adequately described by crystal deformation parameterCd.

Spatial distribution of the misorientation angles measured from the central grain orientation
is shown in Fig.4 (right). It is evident that higher misorientation values are located close to the
grain boundaries and grain boundary triple points, in qualitative agreement with observations
[1].

4.4 Relation with imposed plastic strain

The correlation between the average misorientation (or crystal deformationCd) and macro-
scopic plastic strain is finally verified in Fig.5 (left). The fitted lines obtained by quadratic
regression provide very good fits to the calculated points. The (average) slope of the fitted line
increases withP as is shown in the inset of Fig.5 (left). To match the experimental slope of
22.5o from [1], one should consider parameterP in the range of2 < P < 3 with Q = 1.

4.5 Finite size effects

To assess the accuracy of the numerical results, we have performed several additional sim-
ulations using a 100-grain model with various mesh densities and several sets of initial random
grain orientations, as well as additional 2000- and 5000-grain tessellation models to specifi-
cally account for the influence of the number of grains. Since all the corresponding stress-strain
curves do not vary much from theP = 3, Q = 1 curve shown in Fig.2, in Fig. 5 (right) we
present the finite size effects of the computed crystal deformation. From Fig.5 (right, a) we see
that finer mesh density generates larger orientation spread, i.e., produces steeper slopes of the
fitted straight lines. Although not reaching the converged stage, the results seem to follow the
right trend. The influence of the choice of the initial random set of grain orientations is shown
in Fig. 5 (right, b) where quite large fluctuations indicate that a 100-grain model is probably
too small for modeling realistic polycrystal response. In fact, when the number of grains is in-
creased to 2000, the orientation spread decreases substantially but does not change with further
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Figure 5: Left: crystal deformation calculations as a function of the nominal strain calculated
for Q = 1 and variousP on a 100-grain cube with average element size of 26µm. The
inset shows theP -dependence of the initial slopes of the fitted lines and one slope from the
experiment [1]. Right: influence of the average element size (a), initial set of random grain
orientations (b), and number of grains (c) on the crystal deformation calculation forP = 3,
Q = 1. Solid lines denote linear fits.

increasing to 5000 grains, see Fig.5 (right, c). We can thus estimate that a thermodynamic limit
of our model is reached for 2000 grains.

5 CONCLUSIONS

The proposed anisotropic elasto-plastic finite element model qualitatively reproduces the
observations of the tensile test experiments on stainless steel: (i) the computed crystal misori-
entations are more pronounced at the grain boundaries, and (ii) a strong correlation is found
between the applied nominal strain and the computed average misorientation angle within the
grains. In a model with 100 grains the calibrating values for the Hill’s plastic potential function
are determined from fitting simultaneously the macroscopic stress-strain curve as well as the
average spread of crystal orientations within the grains:P = 3 andQ = 1. The results have
been additionally checked for finite size effects.
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